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Abstract—In this paper we study the laminar condensation process of a saturated vapor in contact with

one side of a vertical thin plate, caused by a natural laminar boundary layer flow on the other surface of

the plate. The effects of both longitudinal and transversal heat conduction in the plate are considered. The

momentum and energy balance equations are reduced to a system of differential equations with five

parameters. Asymptotic and numerical solutions for the temperature and condensed film thickness

distributions are presented for all possible values of the nondimensional plate thermal conductance «.
Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Due to its fundamental and practical importance, we
consider here the conjugate coupling heat transfer
between a condensation process of a saturated vapor
in contact with a surface of a vertical plate, caused by
a natural convection flow on the other surface of the
plate. The importance of solid heat conduction associ-
ated with natural convection in boundary layer flows
is well known. Conjugate heat transfer configurations
have been studied using different approximations.
However, the theoretical studies of film condensation
processes with non-isothermal wall conditions have
received little attention in the literature.

Patankar and Sparrow [1] solved the problem of
condensation on an extended surface by considering
the heat conduction in a fin coupled with the con-
densation process. Their numerical solution of the
governing equations confirms the influence of non-
isothermal extended surface over the condensing pro-
cess. Wilkins [2] showed that an explicit analytical
solution is possible for the formulation of Patankar
and Sparrow. Sarma ef al. [3] studied the con-
densation process on a vertical plate fin of variable
thickness. They studied the effect of the fin geometry
on the condensation heat transfer and found that this
interaction is very important. Brouwers {4] performed
an analysis of the condensation of a pure saturated
vapor on a cooled channel plate, including the inter-
action between the cooling liquid, the condensate and
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the vapor. He obtained in closed form the solution of
the governing equations, confirming that this inter-
action has to be taken into account in order to have
more realistic models for this type of process. Méndez
and Trevifio [5] analyzed the film condensation pro-
cess of a saturated vapor in contact with one side of a
vertical plate, caused by a forced flow on the other
side of the plate. They showed that effects of the heat
conduction through the plate substantially modify the
classical Nusselt’s solution [6].

Recently Trevifio and Méndez [7] studied the tran-
sient conjugate condensation process on one side of a
vertical plate, caused by a uniform cooling rate on the
other surface of the plate, including the finite thermal
inertia. In this work, the transient evolution of the
condensed layer thickness and the temperature of the
plate were obtained using different realistic limits,
including the cases of very good and poor conducting
plates. Their main results obtained indicated that the
condensed layer thickness evolution is almost insen-
sitive to the longitudinal heat conduction effects
through the plate, for a thermally thin plate and that
the wall thermal inertia was the controlling factor for
the transient condensation process, in most practical
cases.

We present in this paper a theoretical analysis of
the film condensation process on one lateral surface
of a vertical flat plate produced by a cooling natural
flow on the other lateral surface of the plate. For
simplicity we assume the vapor to be saturated. This
condensation process can be characterized mainly by
three nondimensional parameters o, ¢ and 8. Par-
ameter « represents the competition between the heat
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Ja Jakob number defined in equation (4)

NOMENCLATURE

¢ specific heat of the cooling fluid £
Ce specific heat of the condensed phase
£ nondimensional stream function

introduced in equation (22) A
fF nondimensional stream function for

the cooling fluid Ap
g acceleration of gravity
h thickness of the plate Aw
hy  latent heat of condensation He

aspect ratio of the plate, ¢ = A/L
nondimensional parameter defined in
equation (3)

thermal conductivity of the condensed
phase

thermal conductivity of the cooling
fluid

plate thermal conductivity

dynamic viscosity of the condensed
fluid

L length of the plate 7. nondimensional transversal
m’ mass flow rate of condensed fluid coordinate for the condensed fluid
Nu,  Nusselt number flow
Prp Prandtl number of the cooling fluid nr nondimensional transversal
Pr.  Prandtl number of the condensed fluid coordinate for the cooling fluid flow
Ra  Rayleigh number of the cooling Pe condensed fluid density
natural convective fluid flow D cooling fluid density
T temperature 0, nondimensional temperature of the
T,  ambient temperature of the cooling condensed layer
fluid O nondimensional temperature of the
T, temperature of the saturated vapor cooling fluid
Te temperature of the cooling fluid 0, nondimensional temperature of the
#,0  longitudinal and transversal velocities plate
in physical units Ve kinematic coefficient of viscosity of the
u,v  nondimensional longitudinal and condensed fluid
transversal velocities VE kinematic coeflicient of viscosity of the
U, characteristic longitudinal velocity of cooling fluid
the condensed fluid X nondimensional longitudinal
x,y  Cartesian coordinates. coordinate defined in equation (19).
Greek symbols
o heat conduction parameter defined in Subscripts
equation (10) c refers to the condensed fluid
B nondimensional parameter defined in F refers to the cooling fluid
equation (8) L conditions at the leading edge of the
A normalized thickness of the condensed wall
layer 1 conditions at the trailing edge of the
4. thickness of the condensed layer wall
Or thickness of the cooling flow layer w conditions at the wall.
flux conducted longitudinally through the plate with
the heat flux transferred into the plate from the con- in
densed phase. The aspect ratio of the plate is denoted
by ¢ and f defines the ratio of the thermal resistance g g
of the cooling natural flow to the thermal resistance
of the condensed fluid. We also present an asymptotic L l
analysis for large and small values of « compared with
unity, assuming finite values of B and values of ¢ Natural Convection Saturated vapor
which are very small compared with unity. Finally T T
we compare the analytical solutions with the results L -] s
obtained using numerical techniques. _ Condensed Film

2. ORDER OF MAGNITUDE ESTIMATES

The physical model under study is shown in Fig. 1.
The right-side of a thin vertical plate of length L and

Fig. 1. Schematic diagram of the studied physical model.
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thickness 4 is placed in a stagnant atmosphere filled
with saturated vapor with a temperature 7. A natural
convective flow of a cooling fluid with temperature
T, < T, at the left lateral surface of the plate is
produced, thus generating a convective heat flux from
the saturated vapor and creating a thin condensed film
with increasing thickness falling due to gravity at the
right lateral surface of the plate. The lower edge of
the plate coincides with the origin of a Cartesian coor-
dinate system whose y-axis is the horizontal distance
from the middle of the plate and its x-axis is the
vertical distance measured from its lower edge, that is
in the opposite direction to the gravitational force. An
adiabatic wall with the same thickness 4, is assumed
above the leading edge and below the trailing edge.
The density of the condensed fluid, g, is assumed to
be constant and much larger than the vapor density.
The inclusion of a finite thermal conductivity of the
plate material, enables heat conduction to be mea-
sured in both longitudinal and transversal coordinates
through the plate. We are interested in obtaining the
steady-state solution of this counter-flow configur-
ation, in particular, in the temperature distribution of
the plate, the overall heat transfer rate of the plate
and the condensed layer thickness distribution.

From the balance of the body to viscous forces in
the momentum ecuation for the condensed fluid in
the longitudinal direction x, it can be easily shown
that the condensed fluid longitudinal velocity is of the
order, u, ~ (g/v.)8, where 8. is the characteristic con-
densed layer thickness, g is the acceleration of gravity
and v, is the kinematic coeflicient of viscosity. The
condensed mass flow rate, m’ is then of the order
m’ ~ p.gd3 [v.. The production rate of condensed fluid
can be obtained from the thermal energy balance at
the condensed-vapor interface as

Ao’ pgdtds. AAT.

dx v, dx Ochrg

¢y

where h;, corresponds to the latent heat of con-
densation and A represents the thermal conductivity
of the condensed phase and AT, is the characteristic
transversal temperature change in the condensed
phase, estimated below. Therefore, from relationship
(1), we can obtain the thickness of the condensed layer
related to the lengrh of the plate as

de _(JaAT. " )
L~ y AT ~

Here, y is a nondimensional still unnamed parameter

(81,

y= g—2 » 1 3)
Ja corresponds to the suitable Jakob number and
represents the ratio of the sensible heat energy
absorbed by the liquid to the latent heat of the liquid
during condensation, defined by
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Ja= KuPr,  hgPr.’ @)

¢. is the specific heat capacity, Pr. is the Prandtl
number, Pr, = v.,p.c./A,, of the condensed fluid, Ku
represents the Kutateladse number [9] and
AT = T,— T, represents the temperature difference
between the saturated vapor and the cooling fluid. In
general, the Jakob number is very small compared
with unity [9] and thus we can use the boundary layer
approximation for the condensed fluid flow in the
limit Ja/y — 0.

On the other lateral surface of the plate facing the
cooling natural convective flow, for fluids with Prandtl
of order unity or large, the characteristic thickness of
the induced natural convective boundary layer is of

order [10]
O 1 AT\'#
ZN<E;Ki> ' )

Here, ATy is the characteristic transversal temperature
change in the cooling natural flow, also estimated
below and Ra > 1 is the Rayleigh number defined by
[10]

gBeATL? pce
Ra =
Vedp

()

where pg, Cp, Br, vp and Ay are the density, specific
heat (at constant pressure for a gas), coefficient of
thermal expansion, kinematic coefficient of viscosity
and thermal conductivity of the cooling fluid, respec-
tively.

2.1. Estimation of AT,, AT, and AT

We assume throughout the paper that the aspect
ratio of the plate, ¢ = H/L, is very small compared
with unity and also suppose, as mentioned previously,
that the upper and lower edges of the plate are adia-
batic. In this case, the overall heat fluxes across the
film condensation layer, the flat plate and the natural
boundary layer, are of the same order of magnitude,
that is

AT,
C 5C

AT, | AT:

A p ~ Ap 5

~ Ay

M

where, A, is the thermal conductivity of the plate and
AT, is the characteristic transversal temperature
change across the plate. If we compare the first and
third terms in equation (7) and using equations (2)
and (5), we obtain the following relationship between
the characteristic temperatures in the condensed phase
and the cooling fluid as

ATY*AT**  jg(RaJa\'"* _ 5
AT A\ ¥ s

®)

Similarly, comparing the first and second terms of
equation (7) and using equation (5), we derive the
following relationship between the characteristic tem-
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perature change in the condensed phase to the overall
temperature drop

AT, (a\*? (AT\**
AT~<;2> (7\7) ©)

where « is the heat conduction parameter defined by

_A.Wh E 1/4
a_icL v .

Condensing equation (9) into equation (8), we obtain

also

ATy a V2 (AT N\

i) (7)
Parameter « relates the competition between the heat
conducted longitudinally by the plate to the heat con-
vected from the condensed-vapor fluid. For o >» 1, the
heat conducted by the plate is very large, thus no
temperature gradients of importance arise in the longi-
tudinal direction. On the other hand, for o « 1, the
heat convected from the condensed fluid is extremely
important, the longitudinal heat conduction is then
weak and large longitudinal temperature gradients
arise on the plate. Using equations (9) and (11) and
noting that ATz +AT,+ AT, ~ AT, we obtain the fol-
lowing relationship for AT,

i4/5 ATW 4/5 1+ﬁ4/5 £8/15 A—]:XS/IS
ge2) \ AT e AT
AT,

7L

(10)

an

(12)

In the following section, we define the distinguishable
limits depending on the assumed asymptotic values of
a/e* and B.

2.2. Relevant limits for the thermally thin case
(a/e* > 1)

In this limit, the transversal variations of the tem-
perature in the plate, AT,, are very small compared
with the overall temperature difference, AT, rep-
resenting the thermally thin wall approximation. We
consider three possibilities: > 1, f# ~ 1 and f « 1.
In the first, the second term of the left-hand side of
equation (12) is much larger than the first term, giving,
with the aid of equations (9) and (11), in a first
approximation

AT, i
AT o’

AT,

AT, ATx
AT

~L AT

~ ﬁ_4/5

(13)

Here, the nondimensional transversal temperature
variations in the solid are very small, of order &/«
at most and the temperature of the plate practically
assumes the value of the temperature of the cooling
flow T.. This represents the well-known classical Nus-
selt’s solution for the film condensation process and
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can be found elsewhere [6, 11]. In the second case,
with f ~ 1, we obtain

AT, &

AT ~ o’

AT,

AT:
AT

AT

1, 1. (14)

Here, although the nondimensional transversal tem-
perature variations in the solid are very small, of order
&%/, the characteristic nondimensional temperatures
at both the condensed and the cooling fluids are sig-
nificant, causing variations in the longitudinal tem-
perature of the plate.

For the last option, with § « 1, we obtain

AT, f& AT,

AT, ATy
AT o > AT

~ 1.
AT

ﬁ4/3 , (1 5)

In this case, the temperature of the right-hand side of
the plate is practically the saturated vapor tem-
perature T,. Therefore the condensation process is
inhibited because the characteristic temperature
change in the cooling fluid is now relevant and thus
the classical case of a natural boundary layer flow on
the left hand side of the plate subject at a uniform
temperature 7, is developed. In this case the solution
is widely known [8].

2.3. Relevant limits for the thermally thick case
(a/e* ~ 1)

Proceeding in a similar form as the above sub-
section, in this limit the transversal temperature drop
in the solid is very important. This corresponds to the
thermally thick wall approximation. In this asymp-
totic limit for values of § > 1, we obtain

AT,
AT

AT,
AT

AT
AT

~1, L ~ B,

(16)

Here, the temperature of the coolant side of the plate
is practically T, and the film condensation process is
governed by the unknown temperature variations on
the plate, which are dictated by the heat conduction
equation in solid. However, for f ~ 1, the equivalent
relationship for this case assumes the form

AT,

1 ATy
AT ’

AT

AT,

1
AT ’

1 (17)

that is, the global characteristic temperature changes
are all important and it has a big influence over the
condensation process. Finally, for f « 1, we have

AT, AT,

AT
oW OBy = gles F
AT A AT A A

—~1 18

F~1 a®
reproducing again the classical natural boundary layer
flow. We know that values of a/e’ « 1 lead to the pure
conducting plate being influenced by weak condensing
and natural boundary layer flow processes.



Film condensation induced by a convective flow

3. FORMULATION

Following the order of magnitude analysis, we
introduce the following nondimensional variables

o L=To _x _ L-x
“IT-T, *TL *T L
Tc_zroo TF_Tuo y
0. — 9— =7
ST T, T.—-T, ~n
Gtk RG-S
° 50 £ Lxl/4 _5CL

19

where 64 = L(Jajy)"* and the subscript L refers to
the condition at the upper edge of the plate, y = 1
(or ¥ = 0). The variables with subscript ¢ denote the
variables of the condensed phase, w denotes the vari-
ables in the wall and subscript F represents the vari-
ables of the cooling fluid. §, is the thickness of the
condensed flow and similarly, §; corresponds to the
thickness of the laminar boundary layer of the cooling
fluid. The Laplace equation describing the heat con-
duction in the solid is

2, 170,
oy? g 0z

= 0. (20)

Assuming, for simplicity, the two edges of the plate to
be adiabatic, the boundary conditions needed to solve
equation (20) are given by

oo,

5)( =0 aty=0 and y=1

@n

We also introduce the nondimensional stream func-
tion f, for the condensed fluid as

a, s Y
U, =
«/gLJa 611C
=174 A2
. LY. (5 S

J'as/"\/g\L o

where 7, and 7, represent the longitudinal and trans-
versal velocity components in physical units. On the
other hand, for the laminar cooling fluid flow, we can
define the following dimensionless variable

SeQne) = 23)

1/4 3/4

p

for the upward moving fluid in the boundary layer at
the left of the plate. Here, fr and W are the non-
dimensional and dimensional scaled stream functions
of the cooling fluid flow, respectively. The momentum
and energy balance equations for the condensed fluid,
using the boundary layer approximation, take the
form
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3 2 2
fC—I—l—-JA{% 6~fc %2 f°
ond on. 0om. 5)( on?
2dA//df. 0*f,
*aal (o) o)} 00
%6
S _ JaPrA* of. 695
of. 00, 2dA
Togom. A dxﬁan } (2)
with the boundary conditions
of.
=-—=0 aty. =0 26
f=gr " 26)
2
s
HC—I—F—O aty, = 1. (X))

The second condition of equation (27) arises from the
balance of tangential shear stress at the interface. The
normalized nondimensional thickness of the con-
densed film A is unknown and must be obtained from
the analysis. The energy balance at the condensed-
vapor interface gives the evolution of A as

d(ASfc(X, D) _ 90
df a"lc .= n

(28)

The initial condition for equation (28) is given by
A@F =0)=0.

Similarly using the boundary layer approximation,
the momentum and energy equations for the cooling
fluid can be written as:

> fr 1 {1 afF> 3, 0%
40 = (2F
g ¢ Pre {2<5'IF o

[ S _BOAT) G

One Oxone 0% (3111:
629F 3 66F Of¢ 00 Of 06k
= — ————| 30
o = 4, [anF o o 6?er| G0
with the boundary conditions
f=Zr o0 atge=0 G1)
Ong
O = %{——0 for g — 0. (32)
F

At the interfaces of the solid-coolant and solid-con-
densed phase (z = +1/2), continuity of the tem-
perature and the heat flux gives

O (X, 1e = 0) = 0, (x, 2 = 1/2)

% Szﬁ 1 (39,.-

bz T ey e

and I

(33)

2= 1/2

and



1284

Gc(iar’c = O) = 0w(X~,Z = —1/2)
a8,

0z = 12

210
% Adn, o

and (34

The solution of equations (20)—(34) should provide
the following functional relationship :

Bw =g(a’ﬂ387PrF5Prcax’Z)'

In the following sections we analyze the relevant
limits characterized by small Jakob numbers, Ja — 0,
with both Prandtl numbers of order unity. In this
limit, we classify the solutions according to the value
of «, taking advantage of the fact that ? is very small,
in general. For large values of a/¢* (thermally thin
walls) the nondimensional transversal temperature
variations in the plate are very small and the plate
temperature can only be assumed as a function of the
longitudinal coordinate y. It should be noted that
neglecting the transversal temperature variations
doesn’t mean neglecting the transversal temperature
gradient, which is always retained in the analysis. We
analyze the limit of large values of « using per-
turbation techniques. In the other limit of a/¢” of order
unity (thermally thick wall), the temperature vari-
ations across the plate must be taken into account,
but the longitudinal heat conduction is then negligible,
except in small regions close to the edges of the plate.
Numerical solutions for all possible values of « are
presented and the asymptotic limits for small values
of a/¢? are also analyzed.

4. ASYMPTOTIC SOLUTION FOR Ja— 0

The governing equations (24)—(27) for the con-
densed fluid simplify, giving a linear profile for the
temperature and a cubic profile for £, as

1
and fc(nc)=5n3<1—%). (33)

The appropriate or reduced Nusselt number for this
problem Nu}is given by

1-8,
=—x (0

Ja)“4 _ 100,

*— —— =
Nu? Nuc< » A o,

n.=0

where the nondimensional heat flux (local Nusselt
number) is defined by

qL

Nuc - j'c:(T‘s_T'co)

where ¢ is the local heat flux from the condensed fluid
to the plate. Thus, the nondimensional energy balance
equation (28) at the interface of the vapor-condensed
fluid transforms to
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dA*
dy

=1-9, 37)

to be solved with the initial condition A(0) = 0.

4.1. Limit ¢ — 0 with o finite (thermally thin wall)

In this case the nondimensional transversal tem-
perature variations in the plate are very small, of order
&’/o. Here, the governing equations (20), (21), together
with equations (29)—(34) and (37), have been solved
numerically for all values of a. For this purpose, the
nondimensional wall temperature 6,, was computed,
from equations (20) and (21), by using a pseudo-
transient procedure, rewriting equation (20) in the
form

a6, 2%*6, 1 0%,
& o o

(38)

and marching in the artificial time 7. At T =0, we
suppose an arbitrary profile of 8,, which is used to
solve equations (29)-(34) until a steady state is
achieved. Later, we calculate equation (38) subject to
equations (21), (33) and (34), in order to obtain a new
profile of 0,, and the iteration is repeated for a new
value of 7. In Section 5, we present the numerical
results for different values of the parametric set.
4.1.1. Asymptotic limit « — co. Integrating the
energy equation (20) transversely across the solid and
applying the boundary conditions (33) and (34), we
obtain
424,

1 00, B 00,

o + - = — 39
dxz A a,,’c =0 XIM anF =0 ( )

to be solved with the conditions
HF(Xs ’1F = 0) = Hc(is "c = 0) = Ow(x) (40)

The second term on the left hand side of equation (39)
denotes the heat transferred from the condensed fluid
and the term on the right hand side, the heat trans-
ferred to the cooling fluid. The asymptotic solution of
the problem for large values of « is important because
it is applicable to many practical cases of metallic
plates. For « > 1 the nondimensional temperature of
the plate changes very little in the longitudinal direc-
tion of the order of «~!. Neglecting such a small quan-
tity in first approximation, the temperature of the
plate can be approximated by a unknown constant
0.0- The thickness of the condensed phase, A, can
be determined with the aid of equation (37) and the
natural boundary layer flow is then self-similar, of the
form

fr= 9&649(9\11{)4711791'7"}7) and 0p = 9w0¢(0vlv/04r’F9PrF)
41

where g(&, Prg) and ¢ (¢, Pri) are the solutions of the
classical problem
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Qg L [1(dgV 3 &
i o mhle) i @
¢ 3 d¢
Eé—z ng—c—o (43)
d
g(0)=d—§ = $(0)—1=0,
£=0
and Y ) =0, (@4
dél._.,

In these equations we used the invariance of the
boundary layer equations (42) and (43), under the
group of transformations g=>B'“g, ¢ = B¢, and
¢ = B~'Z, with B being arbitrary.

The solution of equations (42)—(44) can be found
elsewhere [10]. In particular, the nondimensional tem-
perature gradient at the wall is given by the very good
correlation

d¢ GPr ~ = 2Pre/5 174
— = — ey - )
dé|._, F 4 14+2Prl> +2Pr

43)

The unknown 6, can be found by using equations
(41) and (45), to evaluate the right hand side of equa-
tion (39) and then integrating this equation over y
with the boundary conditions (21). On the other hand,
the thickness of the condensed phase is obtained
directly, replacing the calculated value of 8,4 in equa-
tion (37) and integrating this equation subject to the
initial condition Ay(0) = 0. The result is

(1—0840)*"

G = pare),

Ay =[(1-0,0)70".

(46)

The values of 6,, can be obtained by solving this
transcendental equation for given values of § and Pry.
For large values of 3, 0,, — 0, Ay = ¥, whereas 6., —

1, Ay — 0 for small values of 8. The first limit cor-
responds to the case where the thermal resistance of
the natural boundary layer flow is negligible and the
temperature of the plate is very close to 7. This is
the classical Nusselt’s solution [6]. In the second case,
we don’t have a condensation process, because the
temperature of the plate is very close to T, leading to
a conventional natural boundary layer flow. Once 0,
and A, are known, the reduced Nusselt number, equa-
tion (36), can be evaluated, giving

_ (1 - 0W0) 31

F1/4

X

Nu¥ 47)

This result can be improved by computing the next
term in an expansion of the solution in powers of o~ ".
Such a calculation is summarized in Appendix A and

gives the correction factor
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Table 1. Values of C, and 6, for different
values of B (with Prg = 1, G(1) = 0.4009218)
B Buo G
0.5 0.901331 0.869698
1.0 0.797323 0.862092
2.5 0.587096 0.846103
5.0 0.415416 0.834886
10.0 0.272134 0.827513
[1+a™'F(Pr, B, x)]+O0(@™?) (48)

for the reduced Nusselt number, equation (47), with
F given by equation (A.12). The resulting approxi-
mation turns out to be very good even for o of order
unity. From the local Nusselt number, we can obtain
the overall number Nu given by

. n 4
Nu= j Nu¥*dy = 5(1 —0,0)%*
0
4(7/8—C
+ 7/ 1)
Ta(1—0,g)

The values of 8,4 and C, can be found in Table 1 for
different values of the parameter f. Due to the fact
that C, is always less than 7/8, the ‘Nu increases with
decreasing values of a.

+0(or2)]. 49)

4.2, Limit a/e* ~ 1 (thermally thick wall)

In this case the nondimensional temperature varies
linearly across the plate between values 6,..(y) and
0,(x) at both faces, with 0,.(x)—08.s(x) = 0(1).
Here, 6,..(x) and 6,,(y) represent the nondimensional
temperatures of the wall at z=1/2 and z = —1/2,
respectively. In this limit, the longitudinal heat con-
duction can be neglected, except in small regions close
to the edges of the plate. The heat flux from the con-
densed fluid to the right lateral face of the wall is equal
locally to the heat flux from the left lateral face of the
plate to the cooling fluid and equal to the heat flux
across the solid at the same longitudinal position. The
fact that the heat flux in the condensed phase is finite
at the lower edge implies [0,g, 05] ~ %'/ for small y.
The regions around the edges where longitudinal con-
duction matters are now of length O(g), comparable
to the thickness of the plate. The temperature of the
solid in these regions differs from the temperature of
the corresponding fluid by an order of ¢'°.

In the limit, a/e? — 0, most of the temperature drop
occurs in the solid, that is 8,,. — 1 and 0, — 0, except
in small regions near the edges. Outside of these
regions, the variables are of the form

4/5 4/3 8/5
(5 e 5) ol ()
& & &

(50)

0. =

[ ST
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o s
and

A ]

i = (}) ¢[<§> i, PrF} (52)

where §(&, Pry) and (&, Prg) are the solutions of the
classical problem of a boundary layer with a constant
heat flux at the wall (d$/d§|0 = —1), which can be
found elsewhere [10], with the variables iz, /¢ and 0
defined as

. _Ra'*(y—h)2)

g = Ly ;
e Y and 6= 0. (53
fF_VFRal/4X4/5 an r=0e/x'". (53)

The solution to this problem can be written by the
following correlation [10]

~ ~ 44+9Pri/? +10Pr:\'*
0, Pry) = G(Pry) = <M> )

Pry
(54)

To this order, the nondimensional plate temperature
and the nondimensional thickness are given by

1 i LA sl
9w~§—2+<;—2-> G(Pre)y 5+Z

a\s N
—<8—2) (1=x)" (5—2) (5%
o 1/3 3 1/3 a2
A~(—2> [Z(l—x)] +0[(x/e")**].  (56)
&

The local reduced Nusselt number is then given as

4/5
Nu¥~ ;12[1 - (g;f) G(Pre)y '

a V4313 173
—(8—2> [Z(l—x)] ] 57

while the overall Nusselt number is
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5. COMPARISON BETWEEN ASYMPTOTIC AND
NUMERICAL RESULTS

For values of a of order unity, the nondimensional
governing equations can be integrated using Keller’s
method [12] for the boundary layer equations, to-
gether with the technique of alternate directions from
Peaceman, Rachford and Douglas for the Laplace
equation [13]. Due to the elliptic nature of the prob-
lem, the cooling fluid equations were solved initially
using an arbitrary plate temperature profile, obtaining
the corresponding heat flux distribution to be used for
the solid energy equation. We use this flux as bound-
ary conditions for the pseudo-transient heat con-
duction equation in the plate, giving the new plate
temperature distribution after a small artificial time
step, At = 0.001. The procedure continues until con-
vergence is achieved. The mesh used for the cooling
fluid balance equations was 50 x 90, in the longi-
tudinal and transversal directions, respectively. For
the solid we used a 50 x 50 grid. We employed the
values of ¢ = 0.1 and Pri = 1 for all computations.

In the limit of very large values of §, the temperature
of the plate is practically uniform and close to the
value of the temperature of the free natural stream,
reducing the problem to the constant temperature case
given by the classical Nusselt’s solution. Here, the
longitudinal heat conduction doesn’t play an impor-
tant role even for large values of a. For finite values
of B, in the limit « — 0, the system of governing equa-
tions is singular and therefore it is necessary to include
inner heat conducting layers at both edges of the plate.
In particular, outside of these inner regions, there is an
outer region where the longitudinal heat conduction
through the plate is negligible in a first approximation.
For different values of «, the corresponding values of
the nondimensional temperature of the plate and the
thickness of the condensate film, as a function of the
longitudinal coordinate ¥y and f = 1, are shown in
Figs. 2 and 3, obtained using numerical techniques. It
is clear from Fig. 2 that for increasing values of the
parameter o, the nondimensional temperature of the
plate tends, asymptotically, to a specific uniform value
0. ~0.7973 ..., which depends on § (see Table 1).

For values of o much larger than 0.1 (x/e? > 10),
the temperature at both surfaces of the plate are prac-
tically the same at each longitudinal position. This
corresponds to the thermal thin wall regime. Other-
wise, for values of a of the order of 0.1, there are
noticeable transversal variations of temperature, indi-
cating that the thermally thin wall approximation is
no longer valid. For very small values of a, the tem-
perature at the right surface of the plate tends to
the saturated vapor temperature and similarly, the
temperature at the left surface comes closer to that of
the cooling fluid. This case corresponds to a process
limited by the transversal heat conduction through
the solid.

Figure 3 shows the numerical and asymptotic solu-
tions for the nondimensional thickness of the con-
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Fig. 2. Numerical rondimensional plate temperatures as a

function of the longitudinal coordinate ¥, for different values

of o, = 1 and ¢ = 0.1. For values of « > 1 the temperature

at both lateral surfaces of the plate is indistinguishable when
using the plot scale.
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Fig. 3. Asymptotic and numerical nondimensional thick-
nesses as a function of the longitudinal coordinate y, for high
and low values of ¢, f = 1 and ¢ = 0.1.

densed fluid, as a function of the longitudinal coor-
dinate for two very different values of a. For the higher
value (o« = 10), the solution recovers the classical Nus-
selt’s theory and there is a very good agreement
between the numerical and asymptotic results. For the
smaller value (a = 0.0005), there is also a relatively
good agreement by using the asymptotic solution for
the thermally thick wall regime. The nondimensional
thickness is strongly reduced by decreasing the value
of o or «/¢>. Finally, Fig. 4 shows the numerical and
asymptotic values of the overall Nusselt number Nu
as a function of «, for two different values of 5. The
influence of B on Nu is very small for values of & « 2.
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Fig. 4. Overall Nusselt number, Nu, as a function of « for
B=15ande=0.1.

On the other hand, for very large values of «, the
influence of § is now very strong, reaching the asymp-
totic values obtained in the thermally thin wall regime.
A two term asymptotic solution for large values of f
indicates that the overall Nusselt number increases as
the value of o decreases. This would lead to the exis-
tence of the overall Nusselt number at a finite value
of a. The numerical results show an imperceptible
maximum for Nu for each value of § within a few
millesimals, compared with the asymptotic values for
o — 00, confirming the asymptotic behavior obtained
using perturbation techniques for this limit, which
indicates the existence of a maximum for a finite value
of a.

6. CONCLUSIONS

In this paper, we studied the condensation process
of a saturated vapor in contact with one lateral surface
of a thin vertical plate. A natural cooling flow is
assumed at the other lateral surface of the plate. The
finite thermal conductivity of the plate material allows
heat to transfer longitudinally through the plate, thus
changing the mathematical character of the problem,
from parabolic to elliptic. Assuming the plate to have
adiabatic leading and trailing edges, the local heat
natural convection through the lateral surface of the
plate, affected strongly by the axial heat conduction,
governs the spatial evolution of the plate temperature
and the condensed layer thickness. The two asymp-
totic limits of large and small values of the parameter
a, for different values of 8, have been analyzed for this
condensation process. In general, for large values of
o, the plate temperature varies little in the longitudinal
direction, thus producing a singular behavior for the
Nusselt number close to the leading edge. As the value
of o decreases, the plate temperature comes closer to
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the temperature of the natural cooling flow, trying to
reach this value if the values of f are sufficiently high.
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APPENDIX A

The solution of equations (21), (29)—(33), (35), (37) and
(39) for a > 1 can be obtained using a perturbation series of
the form

0

1 = 1
0, = Z —.BWj(X) O = Z _.gFj(Xy g)
=0 o/ j=oof

© 1 = 1
=Y —}_f,_.j(x, fg) and A=Y _jAj(Xj(X)) (AD)
j=00 S=oa

where the leading terms are given by equations (41) and (46).
In this Appendix we carry out the analysis up to the first
order.

Introducing equations (41) and (A1) into equations (39)
and (37), collecting terms of order «~', integrating twice the
resulting energy equation along y and integrating once the
evolution equation of the thickness of the condensed phase,
we obtain 8, and A, as
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16

Owl :ﬁ

) ) 7
a _0w0)3/4(X7'4"(1 —x)7 = ZX+C1>

6 ) o
= %(1 —B,0)*"* <X7/4 +C—1- z anX")
n=2

4(FA-D" == +g 4,
|=§T 4 +ﬁx -G %

X
(A2)

where C, is an unknown constant to be found from the
second-order equations. For convenience, we have written
0,,, as power series of x (obviously, 8,,, can also be written in
terms of ¥, remembering that § = 1—y). Here a, are the
coefficients of the binomial expansion of (1-—%)". Sub-
stituting equation (Al) into equations (29)-(33) and col-
lecting terms proportional to «~!, the quantities 8, and
fri, satisfy a linear problem whose solution for a surface
temperature of the form 0,,, = 4yx" would be

Or1 = AY 1 [055 1, Pre]
(A3)

Jri = A"0.5" 9,103 1e, Prel,

with g,(¢, Pre) and ¢, (&, Pre) satisfying the following linear
equations

d’g, 1 dg dg,
oz +¢‘+E{‘I¢T¢

3d’9 3 d%,  [dgdg. dg T _
+4d52g1+4y az P —dczgl] =0 (A4
d’¢, 3 d¢,  3dg dg d¢
e 394z +Zd_§g‘_n|:d-é¢‘_ﬁg‘]=0 (A5)
d
g.=dié'= —1=0 até=0
and %=¢1=0 for¢{ - 0. (A6)

dé

The functions G,(n, Prg) = —d¢,/dé|,_, obtained from the
solution of equations (A4)—(A6) are given in ref. [14].

Then, taking advantage of equation (A3) and of the series
expansions (A2) for 6, and A,, and applying the super-
position principle to the linear problem for f;, and 6g,, we
immediately obtain

26 16
aFl = _i(l—ew)<(cl—l)Gl(O,PrF)
N =0
7 7/4 -
+Gi| o Pre = ) a,Gi(n, Pro)y” | (A7)
n=2

and
106  1-86,
Aa’]c n.=0 h A

16
= — 1 (1—8,0)"? (xm(l )

- %x(l -0 M=1-p*+C —x)‘”")

(A)

Finally
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_ Hx(Pre, )

Hop(Pre, B)
is obtained by carrying equations (A7) and (A8) into equa-
tion (39) and integrating this equation over y with the bound-
ary conditions (21). Here,

C, (A9)

7 4 ' 3 (1, Y a6 ®
HN = g + gﬂ(l _Gwo) ! [Gl(o)* 10G1 (4>+"§2 (gn_'_ l)jl
(A10)
Hp = 1+3pG,(0)(1—-0,0)""? (All)

where we used the notation G,(n) = G,(n, Prg).
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The factor F(Prg, §, %) in the correction, equation (48), to
the reduced Nusselt number, equation (47), can now be
evaluated as

7/4 (I‘X)m

F=a (1=0,0)'" 47! 11
x11/4 7x2 45

11~ 32732 X
+ Y ax'| (Al2
(1= nZ:Z X ( )




